Cartan-Hadamard manifold is a simply connected Riemannian manifold with nonpositive sectional curvature. In this article, we have proved that a Cartan-Hadamard manifold satisfying steady gradient Ricci soliton with the integral condition of potential function is isometric to the Euclidean space. Next we have proved a compactness theorem for gradient shrinking Ricci soliton satisfying some scalar curvature condition. Finally, we have showed that a gradient expanding Ricci soliton with linear volume growth and positive potential function is an Einstein manifold.
Introduction
The notion of Ricci soltion is developed when Hamiltion [11] introduced the concept of Ricci flow. A complete Riemannian manifold (M, g) of dimension n ≥ 2, with Riemannian metric g is called a Ricci soliton if it admits a smooth vector field X satisfying the following equation: (1) Ric
where λ is a constant and £ denotes the Lie derivative. The smooth vector field X is called potential vector field. If the vector field X is zero or Killing, then the Ricci soliton becomes Einstein. Throughout the paper by M we mean an n-dimensional, n ≥ 2, complete Riemannian manifold endowed with Riemannian metric g. If X = ∇f , where ∇ is the gradient operator and f ∈ C ∞ (M), the ring of smooth functions in M, then the Ricci soliton is called gradient Ricci soliton and (1) reduces to the form
where ∇ 2 f is the Hessian of f and the function f is called potential function. The Ricci soliton (M, g) is called shrinking, steady and expanding according as λ > 0, λ = 0 and λ < 0, respectively. By scaling the metric we can take λ = − 1 2 , 0 or 1 2 for expanding, steady and shrinking respectively. By adding some constant to f , gradient Ricci soliton implies [11] (3)
Recently, the study of Ricci solitons is an important theme of research to mathematicians as well as physicists. Each type of Ricci soliton has a significant impact on the topology of the manifold. Munteanu and Wang [14] proved a compactness theorem for the n-dimensional gradient shrinking Ricci soliton with non-negative sectional curvature and positive Ricci curvature.
Perelman [15] proved that a compact Ricci soliton is always gradient Ricci soliton. Fernández-López and García-Río [8] proved that shrinking Ricci soliton with bounded vector field must be compact. Li and Zhou [13] proved that compact Ricci soliton with vanishing Weyl conformal curvature tensor must be Einstein.
Cartan-Hadamard theorem states that the universal cover of an n-dimensional complete Riemannian manifold with non-positive curvature is diffeomorphic to the n-dimensional Euclidean space R n . In particular, if the manifold is simply connected then itself is diffeomorphic to R n .
More precisely, at any point p ∈ M, the exponential mapping exp p : T p M → M is the diffeomorphism, where T p M is the tangent space at p. From this theorem K. Shiga [17] developed the notion of Cartan-Hadamard manifold. Cartan-Hadamard manifold, in general, may not be isometric to the Euclidean space. Therefore, it is quite natural to ask under which condition Cartan-Hadamard manifold is isometric to the Euclidean space. In the first section we have proved that Cartan-Hadamard manifold satisfying steady gradient Ricci soliton with potential function possessing some integral condition is isometric to the Euclidean space. In the second section, we have showed that gradient shrinking Ricci soliton with bounded potential function and quadratic volume satisfying some scalar curvature condition is compact. In the last section, we have derived a condition for which an expanding gradient Ricci soliton becomes an Einstein manifold.
Steady Ricci solition in Cartan-Hadamard manifold
Theorem 1.1. Let (M, g) be a Cartan-Hadamard manifold satisfying gradient steady Ricci soliton with the potential function f ≤ 0 satisfying the condition
where B(p, r) is the ball with center at p and radius r > 0. Then M is isometric to R n .
To prove the Theorem 1.1, we need the following Lemma which will state and prove at first. Proof. For steady Ricci soliton, from the canonical form of Ricci soliton we get
for some constant A ≥ 0. Steady gradient Ricci soliton imply that R ≥ 0, see [2] . Let u = −f and then from (5), we obtain
where C > 0 is a constant. Then for r → ∞, we have ∆ϕ r → 0 as ∆ϕ r ≤ C r 2 . Now using integration by parts, we have
In the last inequality, we have used the property of ϕ r . Thus (7) , (8) and our assumption together imply that Proof of Theorem 1.1. From the Lemma 1.2 we see that R = 0 in M. Therefore, (6) implies that |∇f | 2 = A. Also from (5), we get ∆f = 0. The Bochner formula [1] for the Riemannian manifold is 1 2 ∆|∇f | 2 = |∇ 2 f | 2 + g(∇f, ∇∆f ) + Ric(∇f, ∇f ).
Now placing ∆f = 0, the above equation reduces to
Again, ∆|∇f | 2 = 0. It follows from the above equation that Ric(∇f, ∇f ) = 0. Since, M has non-positive sectional curvature K and
where {∇f, e 1 , · · · , e n−1 } is the orthonormal basis for T p M, the sectional curvature vanishes everywhere. Therefore, we conclude that M is isometric to R n . To prove the Theorem 2.1, we need the following results: f . If the Ricci curvature is non-negative, then the potential function f satisfies the following inequality: ol(B(p, r) ), for all p ∈ M and r > 0, where C > 0 is a constant.
Proof. From the gradient shrinking Ricci soliton, we get
and then by taking trace, we get Now, for the gradient shrinking Ricci soliton, the scalar curvature satisfies the inequality [3] R ≤ n 2 .
It follows from (13) , that ∆f ≥ 0, i.e., f is subharmonic. Again R ≥ 0 for gradient shrinking Ricci soliton [3] implies that f ≥ 0, for some constant K > 0. Now we take the same cut-off function ϕ r defined in Lemma 
Now using (12) , we obtain
which implies that
Proof of Theorem 2.1. By placing R ≤ C 1 r 2 in (16), the inequality (16) reduces to the form
for r ≥ r 0 . Now the manifold M has quadratic volume growth, i.e., V ol(B(p, r)) ≤ Kr 2 , for some constant K > 0 and also there is a constant C ′ > 0 such that f 2 ≤ C ′ . Therefore, the above inequality implies that
for all r ≥ r 0 and for some constant K ′ > 0. Taking limit as r → ∞ we obtain
Therefore, from Theorem 2.2 we see that M must be compact. 
Since f ≤ k for some k > 0, it follows that ol(B(p, 2r) ).
Using the linear volume growth, i.e., V ol(B(p, r)) ≤ c ′ r, for some constant c ′ > 0, we have
Taking limit r → ∞, we obtain M |∇f | 2 = 0, which follows that the potential function f is constant. Consequently M is an Einstein manifold. Proof. The proof easily follows from (16) and hence we omit.
Since ∆f ≤ 0, it implies that ∆( 1 f ) ≥ 0. Hence 1 f is subharmonic. Again since f is positive, 1 f is also positive. The manifold M has linear volume growth, V ol(B(p, r)) ≤ C 1 r for some constant C 1 > 0. Now for non-negative subharmonic function we obtain from the equation (14) that B(p,r)
Taking limit as r → ∞, we have (23)
which follows that the function 1 f is constant. Consequently the potential function f is constant. It follows from (2) that M is an Einstein manifold.
